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1. We saw in class the following penalized log-likelihood

lR(β) =
N∑
i=1

(
yiXiβ − log(1 + eXiβ)

)
− λ

2
||β||2

corresponding to a penalized logistic regression where y1, . . . , yN are the observed binary
labels, X1, . . . , XN ∈ RD are the corresponding feature vectors, β ∈ RD is an unknown
parameter to estimate and λ is a positive real constant, assumed to be known.

(a) Compute the gradient ∇βlR(β).
(b) Recalling that the Heissian matrix corresponding to the above loss is

HβlR(β) = −
N∑
i=1

(
pi(1− pi)XT

i Xi

)
− λID

where pi = 1/(1 + e−Xiβ) show that it is negative definite. What does it mean?
(c) Write down the Newton-Raphson update for β.

2. Look at Figure 2.9.

(a) Write down the factorization of a joint probability pθ that is Markovian with
respect to the DAG in that figure.

(b) Consider the sub-graph only containing (X1, X2, X3), with X3 being a collider.
Show that X1 and X2 are independent but they are conditionally dependent given
X3.
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3. In the context of mixture models, we are given the log-likelihood of the observed data
l(Θ) := log p(x|Θ) = log (

∑
z p(x, z|Θ)), where x := (x1, . . . , xN) are the observations,

z := (z1, . . . , zN) are the latent variables labeling the clusters’ membership and Θ are
the model parameters. Show that

l(Θ) = L(q,Θ) + Eq
[
log

(
q(Z)

p(Z|x,Θ)

)]
where L(q,Θ) := Eq

[
log
(
p(x,Z|Θ)
q(Z)

)]
and q(·) is any distribution on Z with a proper

support.

4. We saw in class the stochastic block model for undirected binary graphs, whose log-
likelihood of the complete data is

log p(A, z|Π, α) =
1

2

N∑
j 6=i

K∑
k,l

(zikzjlAjl log πkl + zikzjl(1− Aij) log(1− πkl))

+
N∑
i=1

K∑
k=1

zik logαk

(a) Recall the mains assumptions in this model.
(b) For a fixed pair (k, l), compute the Maximum Likelihood estimates of πkl and αk

from the log-likelihood above.
(c) Show that Aij|{Zi = k} follows a Bernoulli distribution with parameter πk :=∑K

l=1 πklαl.
(d) Show that, given {Zi = k}, then Aij1 is independent from Aij2 , for all j1 6= j2

1.
(e) According to previous points (c) and (d), what can you conclude about the

distribution of the degree di :=
∑N

j=1 Aij?

1Hint: You might focus on E[Aij1Aij2 |Zi = k] and compare it with...
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